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Abstract. Let G be a group of odd order and \ be a complex irreducible char- 
acter. Then there exists a unique character yp^ S Irr(G) such that [x 2 iX^] 
is odd. Also, there exists a unique character ip £ Irr(G) such that [i/" 2 ;X] i s 
odd. 



1. Introduction 

Let G be a finite group. Denote by Irr(G) the set of irreducible complex charac- 
ters of G. Through this work, we use the notation of pi]- In addition, we are going 
to denote by Lin(G) = {A G Irr(G) | A(l) = 1} the set of linear characters. 

Let $ be a generalized character of G, i.e d G Z[Irr(G)]. We define d 1 ^ 1 by 
■dW(g) = i% 2 ) for all g G G. By Theorem 4.5 of 0, we have that ti^ is also a 
generalized character. Also we can check that if $ € Irr(G) and G is of odd order, 
then tfW G Irr(G) (see Exercise 4.5 of 0). 

Let G be a group of odd order and A G Lin(G) . Since A 2 G Lin(G), A 2 has 
a unique irreducible constituent that appears with odd multiplicity, namely A 2 , 
and such character has the same degree as A. Since |G| is odd and A G Lin(G), 
we can check that there exists /i G Lin(G) such that A is the unique irreducible 
constituent that appears with odd multiplicity in the character [i 2 . So we can find 
an irreducible character that is "the square" ("the square root") given any linear 
character. For any character x S Irr(G), where x is n °t necessarily linear, the 
following result implies that x^ G Irr(G) is the unique irreducible character of G 
that appears with odd multiplicity in the character x 2 - So we can regard \ a s 
"the square" of x- 

Theorem A. Let G be a finite group of odd order. The map is an 

automorphism of the ring Z[Irr(G)]. Also, if $ E Z[Irr(G)] then 

(i.i) tf 2 = # 2 > + 2r 

for some T G Z[Irr(G)]. 

We now study squares of irreducible characters of prime degree. 

Theorem B. Let G be a finite group and x G Irr(G) be a monomial character such 
that x(l) = 2. Then one of the following holds 

(i) x 2 — \i+\2+0, for some Ai, A2 G Lin(G) and some 9 G Irr(G) with 6(1) = 2. 

(ii) x 2 = 2i=i ^< f or some distinct linear characters Ai, A2, A3 and A4. 
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Let O be a character of G. Denote by 77(8) the number of distinct irreducible 
constituents of the character 0. In Theorem l2.3l is proved that if G is a supersolvable 
group and \ £ Irr(G) with x(l) = 2" for some integer n > 0, then ry(x 2 ) > 2, that 
is x 2 is the sum of at least two distinct irreducible characters. 

Theorem C. Let p be an odd prime number. Let G be a finite nilpotent group and 
X G Irr(G) with X (l) = P- Then all the irreducible constituents of x 2 have degree p 
and one of the following holds: 

(i) rj(x 2 ) — 1- Also x 2 = PX an d X vanishes outside Z(x). 

(ii) T](x 2 ) = Furthermore 

p-i 

i=l 

where 9±, 0%. . . . . 9 p^i are distinct irreducible characters of G. 

2 

Let G be a nilpotent group and X £ Irr(G) with x(l) = p. By Theorem B and 
Theorem C we have that if p is a prime number, then there are exactly 2 possible 
values for i](x 2 )- Assume now that X (l) — p n for a fixed prime p. The author 
wonders for what integer n > 1, the number of possible values for n(x 2 ) really does 
depend upon the prime p. 

In Rcmark l2.1L)l examples are provided, showing that Theorem C may not remain 
true if G is only a supersolvable group of odd order. 

Acknowledgment. I thank Professor Everett C. Dade for very useful conver- 
sations and emails. I also thank Professor Avinoam Mann and the referee for their 
corrections and suggestions to improve this note. 

2. Proofs 

Proof of Theorem A. Exercise 4.7 of |3] implies It remains then to prove that 

the map 1— > $( 2 ) is a bijection. 

Since G has odd order, given any character / and any clement g G G, there 
exists a unique element f'{g) over the complex such that {f'(g)) 2 = f{g)- Let /' 
be the function defined as (f'(g)) 2 — f(g) for all g € G. If / is any character, so is 
/' and {f') 2 = f ■ That shows that the map / 1— ► /' is onto on the set of characters, 
and therefore one to one. We can then extend this to generalized characters. □ 

Let G be the dihedral group of order 8 and X € Irr(G) with = 2. We can 
check that 

AGLin(G) 

Thus for a group G of even order and X G Irr(G), there may not exist a unique 
character that appears with odd multiplicity in x 2 ■ 

Proof of Theorem B. Without lost of generality, we may assume that x is a faithful 
character. Since X is monomial, there exists a subgroup N of G and a linear 
character A of A such that A G = x- Since x(l) = 2, then |G : N\ = 2 and thus N 
is a normal subgroup of G. Since x is faithful and x(l) — 2, we have that N is an 
abelian subgroup of G. Fix g G G \ N. By Clifford theory we have that X 9 ^ X and 
XN = X + X 9 . Thus 

(x 2 )n = X 2 + (X 9 ) 2 + 2XX 9 . 
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Observe that AA 9 is a G-invariant character of N. Since \G : N\ = 2, it follows that 
AA 9 extends to G. 

Let \i E Lin(G) be an extension of AA 9 . Observe that \ v — X f° r any v £ 
L'm(G/N). Thus \ 2 has at least 2 linear constituents, namely the two distinct 
extensions of the character AA 9 . By Exercise 4.12 of we have that [x 2 , 9] < 9(1) 
for any 9 E Irr(G). Thus x 2 has at least 3 distinct irreducible constituents, i.e. 
v(x 2 ) > 3. Since x 2 (l) = 4, either r](x 2 ) — 3 or ?y(x 2 ) = 4. 

If ?7(x 2 ) = 3 then x 2 has 2 linear constituents and one irreducible constituent of 
degree 2 and (i) holds. 

If vix 2 ) = 4 then all the irreducible constituents of x 2 are linear and (ii) holds. 

□ 

Remark 2.1. Let SL(2, 3) be the special linear group of degree 2 over the field of 

3 elements, and \ & Irr(SL(2, 3)) with x(l) = 2. We can check that x 2 = A + 9, 
where 9 E Irr(G) and 0(1) = 3 and A E Lin(SL(2, 3)). Thus Theorem B does not 
remain true without the hypothesis that \ is a monomial character. 

Remark 2.2. Let G2» and G2 be cyclic subgroups of order 2™, where n > 1, and 
2 respectively. Set N — G2™ x C-2,n. Observe that G2 acts on N by permutation. 
Let G be the semidirect product of N and G 2 . Thus |G| = 2 2n+1 . 

Let (A, lc 2 ») £ Irr(iV) be a character such that A 2 7^ lev- Set X — lc 2 ») G 
and 6* = (A 2 , lc 2 n) G - Observe that x and 9 are irreducible characters of degree 2. 
We can check that 

X 2 = Ai + A 2 + 9 

where Ai and A2 are the 2 distinct extensions of the G-invariant character (A, A) £ 
Lin(iV). 

Let G be the dihedral subgroup of order 8. We can check that x 2 is the sum of 

4 linear characters. 

We conclude that for each of the cases in Theorem B, there exists a group G and 
a character \ E Irr(G) satisfying the conditions in that case. 

Theorem 2.3. Let G be a finite supersolvable group of G and \ E Irr(G). Assume 
that x(l) = 2 n for some integer n > 0. Then i](x 2 ) > 1. 

Proof. Assume that the statement is false. Let G be a supersolvable group and 
X E Irr(G) be a character of G such that they are a minimal counterexample with 
respect to the order of G. So x 2 = m9 for some integer m, some 9 E Irr(G) and 
x(l) = 2™ for some integer n > 0. 

Let Z — Z(x) be the center of the character \- Since x 2 = rn9, we can check 
that Z = Z(9). Let A E Irr(Z) be the unique linear character of Z such that 
Xz = x(l)A- Observe that 9z = 6*(1) A 2 since x 2 = fnd. Let Y/Z be a chief factor of 
G and fj, E Irr(y) be a character such that [xyjM] 7^ 0. Because G is supersolvable 
and Y/Z is a chief factor of G, it follows that Y/Z is cyclic and therefore A extends 
to Y . Thus fi is a linear character. 

Let if = G M be the stabilizer of /x in G and x M E Irr(ii) be the Clifford cor- 
respondent of x and fi, i.e xj? — X- Since /i is a linear character, [xy>m] 7^ 
and Y > Z = Z(x), we have that H is a proper subgroup of G. Observe that 
[9y,^ 2 ] 7^ 0. We can check that the stabilizer G M 2 of /1 2 in G contains G M = ii 
and G M 2 < G. Let if be a subgroup of G such that G^ < K < G and x^f is not a 
linear character. Observe such subgroup K exists since x(l) > 2 by Theorem B. 
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By Clifford theory we have that Xu 6 Irr(G). Since \n lies above p, all the 
irreducible constituents of X^Xu lie above /i 2 . Since < K . by Clifford theory 
we can check that r)(x^Xa) = 7 l((x^X^) G )- Since \K\ < \G\ and x M (f) is not a 
linear character, we have that T](XuXa)) > !• Since (xft) = Xi we can check that 
v((x%X%) G ) < V(XX)- But tnen 1 < vixfiX*) < Vixx) = 1- Therefore such group 
G and such character % can not exist. □ 

Recall that the irreducible characters of supersolvable groups are monomial. The 
author wonders if Theorem 12 .31 remains true with the weaker hypothesis that x is 
monomial. 

A corollary of Theorem 12. 31 is the following 

Corollary 2.4. Let G be a nilpotent group and x G Irr(G). If x 2 * s a multiple of 
an irreducible, then is an odd integer. 

Proposition 2.5. Let G be a group of odd order and x G Irr(G). If x(l) > 1 then 
[x 2 , A] = for all A G Lin(G). 

Proof. Assume that [x 2 , A] ^ for some A G Lin(G). Since G has odd order, there 
exists some character j3 G Lin(G) such that (3 2 = A. Thus [x 2 ,A] = [x 2 ,/3 2 ] = 
[x/3,X.P]- Since xfltXfl G Irr(G), it follows that 

XP = X/3. 

Observe that x/3 = x/3- Since x/3 G Irr(G) is a real character and G has odd order, 
it follows that x/3 = 1(3- Thus x — P and x(l) = 1< 

□ 

Proposition 2.6. Let G be a finite group and x G Irr(G). Assume that Ker(x) 7^ 
Z( X ). Tfcen [x 2 ,x] -0. 

Proof. Observe that [x 2 >x] = [XjXX]- Observe also that Ker(xx) = Z(x). Thus if 
[X, XX] 7^ 0, then Ker( X ) > Z( X ). Therefore Ker( X ) = Z( X ). □ 

Corollary 2.7. Lei G be a finite p-group, where p is a prime number, and x G 
Irr(G). 7/x^Ig ^[X 2 ,X]=0. 

Remark 2.8. Let D be the dihedral group of order 8 and x G lrr(D) be such that 
x(l) = 2. We can check that x 2 is the sum of 4 linear characters. Thus Proposition 
12 .51 may not hold true when G has even order. 

Let G be the semi-direct product < r > x < a >, where a and r have orders 
7 and 3, respectively, and a T = a 2 . We can check that any faithful irreducible 
character x of G has degree 3, Z(x) = 1 and [x 2 ,x] = !• Thus Proposition ^. 61 may 
not remain true if Ker(x) = Z(x). 

Lemma 2.9. Let G be a finite p-group, where p is an odd prime, and x G Irr(G) 
with x(l) = P- Then all the irreducible constituents of x 2 have degree p and one of 
the following holds: 

(i) n(x 2 ) = 1- Also x 2 = PX^ an d X vanishes outside Z(x). 

(ii) i](x 2 ) = 2~ ■ Furthermore 

X 2 = x (2) +2^> 

i=l 

where 9\, 62, ■ ■ ■ , 9p^± are distinct irreducible characters of G. 
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Proof. By working with the group G/Ker(x), without lost of generality we may 
assume that Ker(x) = 1. 

Assume that \ 2 is a multiple of an irreducible. In |2] it is proved that if ip 6 
Irr(G) are faithful characters of a finite p-group G, and the product x4> is a multiple 
of an irreducible, then x an d V 1 vanish outside the center of G. Since x t ' 2%> is a 
constituent of x 2 an d X 2 is a multiple of an irreducible, (i) follows. 

We may assume now that x 2 is n °t a multiple of an irreducible. In it is 
proved that if Xj i> £ Irr(G) arc faithful characters of a finite p-group, where p 
is odd, either %ip is a multiple of an irreducible or x<P has a t least distinct 
irreducible constituents. By Proposition 12.51 we have that x 2 does not have any 
linear constituent. Since x 2 (l) = P 2 an d X 2 is n °t a multiple of an irreducible, it 
follows that all the constituents of x 2 have degree p. By Theorem A we have that 
X 2 has a unique irreducible constituent that appears with odd multiplicity. Since 
X 2 has at least ^±1 distinct irreducible constituents, x' 2 ' is the unique irreducible 
constituent that appears with odd multiplicity and 

X (l) 2 =/=p + 2(^ y i)p, 

it follows that x 2 has to have exactly 2±1 distinct irreducible constituents and so 
(ii) follows. 

□ 

Proof of Theorem C. Since any nilpotent subgroup is isomorphic to the direct sum 
of its p-Sylow subgroups, Theorem C follows from Lemma 12.91 □ 

Remark 2.10. Let p and q odd prime numbers such that q = rp + 1, for some 
integer r, with 1 < r < ^s— . Let G be a nonabelian group of order pq. We can check 
that G has exactly p distinct linear characters and r distinct irreducible characters 
of degree p. 

Let x £ Irr(G) with x(l) = P- Since G has odd order, then x 2 does not have any 
linear constituent. Thus x 2 is the sum of at most r distinct irreducible characters 
of G, where r < E±l. We can check that x 2 is not a multiple of an irreducible. 
Therefore Theorem C does not remain true with the weaker hypothesis that G is 
supersolvable of odd order. 
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